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Abstract
The thermal conduction phenomenon is known to be strongly dependent on the temperature
and the inner structure of materials. In some materials that incdude impurities and/or voids, thermal
conductivity deviates from the conventional behaviour. In this work, anomalous thermal conductivity
that deviates from the dlassical definition is mathematically expressed through a space-time fractional
Fourier law of heat conduction. A quasi-static theory of fractional thermoelasticity that uses a fractional
space-time fractional Fourier law is considered in this work. An initial value problem is solved on the
unbounded domain with initial conditions on the temperature and stresses concentrated on the middle
plane that separates the two half-spaces constituting the full unbounded space. It is found that such
initial conditions need an additional boundary condition in the infinity so that the initial value problem
transforms into an initial boundary value problem. Exact solutions for the temperature and
displacement are derived in terms of the Fox H-function. Graphical representations for the temperature
and displacement show that the anomalous thermal conductivity proposed in this work has a significant
effect on both the temperature and displacement distribution.
Keywords: Thermoelasticity, Fractional derivative, Quazi-static, Closed form solution, Mittag-Leffler
function, H-function.
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Introduction

Recent years have witnessed significant advancements in the
development of a comprehensive theory of thermoelasticity. However, the
traditional uncoupled theory of thermoelasticity presents two fundamental
shortcomings that are not aligned with observed physical phenomena. Firstly, a
significant limitation of the classical uncoupled theory of thermoelasticity lies in its
heat conduction equation, which lacks any elastic terms. This omission implies that
thermal and mechanical phenomena are entirely independent, such a
simplification does not accurately reflect the complex interdependence between
temperature changes and deformations in real materials. Secondly, the parabolic
nature of the heat equation within this theory leads to a counterintuitive
prediction: infinite speeds of propagation for heat waves. This contradicts
experimental observations, which demonstrate that heat transfer occurs at finite
speeds. To address these shortcomings, Duhamel [1] pioneered the consideration
of elastic problems in conjunction with heat changes, laying the groundwork for
more comprehensive and realistic models of thermoelastic behaviour. Biot [2]
proposed the coupled theory of thermoelasticity to rectify the first shortcoming of
the classical uncoupled theory. This theory establishes a connection between the
equations of elasticity and heat conduction, thereby addressing the issue of the
independent treatment of thermal and mechanical phenomena. However, both
the coupled and uncoupled theories share a common limitation: the parabolic
nature of their heat equations, which implies infinite propagation speeds for heat
waves.

To get over the first drawback, Biot [2] proposed the coupled theory of
thermoelasticity. Since this theory's elasticity and heat conduction equations are
connected, the first paradox of the traditional uncoupled theory. But the second
flaw in both hypotheses is the same.
since the linked theory's heat equation is likewise parabolic. Cattaneo [3] was a
pioneer in addressing the fundamental flaw of Fourier's heat conduction law, which
incorrectly predicts infinite propagation speeds for thermal disturbances. By
maodifying the classical law, Cattaneo's theory paved the way for the concept of
thermal waves, which propagate at finite speeds, aligning more closely with
observed physical phenomena.

Building upon Maxwell's earlier insights [4] and Cattaneo's groundbreaking
work, a substantial body of research [5], [6] has emerged, dedicated to resolving
the paradox of instantaneous thermal disturbance propagation. A key approach is
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extended irreversible thermodynamics, which involves incorporating time
derivatives of the heat flux vector, Cauchy stress tensor, and its trace into the
classical Fourier law while adhering to the entropy principle. This innovative
framework offers a more accurate and comprehensive description of heat
conduction processes. Puri and Kythe [7] examined the impact of the Maxwell-
Cattaneo model on Stokes' second problem, which involves a viscous fluid.

Several extensions of the coupled theory have been proposed. Hetnarski and
Ignaczak [8] provide a comprehensive review of these generalizations, highlighting
the most notable advancements. Lord and Shulman [9] pioneered the theory of
generalized thermoelasticity with one relaxation time (L-S theory), which
represents the first significant generalization of the coupled theory. This theory
addresses the limitation of infinite propagation speeds by replacing Fourier's law
with the Maxwell-Cattaneo law. This modification introduces a relaxation time
parameter, which accounts for the finite time required for thermal disturbances to
propagate. The second significant generalization, often referred to as the G-L
theory, involves the introduction of two relaxation times. This theory originated
from Muller's [10] proposal of an entropy production inequality, which restricts the
form of constitutive equations. Green and Laws [11] further refined this inequality,
leading to explicit constitutive equations independently derived by Green and
Lindsay [12] and Suhubi [13] Ignaczak's [14] comprehensive review offers a detailed
analysis of both the L-S and G-L theories, along with key findings in the field.

Additionally, the concept of low-temperature thermoelasticity was introduced
by Hetnarski and Ignaczak [15] (H-l theory). This model is distinguished by its
nonlinear system of field equations, which sets it apart from the linear models
discussed earlier. Due to its inherent complexity, the H-I theory will not be further
explored in this work. Another generalization, proposed by Green and Naghdi [16]
(GN theory of type ll), introduces a novel approach to thermoelasticity in
the absence of energy dissipation. In contrast to the classical theory, this model
replaces Fourier's law with a heat flux rate-temperature gradient relation. A
distinctive feature of this theory is the absence of temperature rate terms in the
heat equation, leading to undamped thermoelastic wave solutions. Additionally,
Green and Naghdi [5], [16] further developed the G-N theory of type llI, providing a
more comprehensive framework for thermoelastic analysis. Finally, the dual-phase-
lag thermoelasticity, was introduced by Tzou [17] (C-T theory). This theory departs
from the traditional Fourier law by incorporating a modified heat conduction law
with two distinct time delays, one for the heat flux and the other for the
temperature gradient. This modification allows for a more accurate representation
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of heat conduction phenomena, particularly in cases involving rapid thermal
transients and non-Fourier heat transport effects [18].

One of the most important uses of fractional derivatives in engineering,
physics, and biology problems is the simulation of numerous natural phenomena,
which is made possible by the fractional kinetic equations' capacity to capture the
exponent of the diffusive substance's mean-squared displacement (see illustrative
examples in [19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29). Based on the fractional
diffusion-wave equation, fractional thermoelasticity was taken into consideration in
[30]. A quasi-static uncoupled model of thermoelasticity was examined in the initial
Povstenko work, which only looked at thermally generated deformation and
ignored mechanically induced thermal energy. During 2010-2011, several
iterations of the fractional theory of thermoelasticity based on variations of the
time-fractional Cattaneo equation were examined [31, 32, 33, 34]. A time-fractional
version of the dual-phase-lag equation, which is used in the fractional theory of
thermoelasticity, was examined in [35]. Additionally, a fractional version of the
quasi-static theory of linked thermoelasticity was developed, which is based on a
space-time fractional heat conduction law [36]. Subsequently, a mathematical
model has been derived to describe the interaction of mechanical and thermal
effects on a micropolar thermoelastic medium, utilizing the methodology of
fractional calculus. The primary advantage of the fractional calculus model over the
generalized model lies in its ability to predict a retarded response to these effects,
which aligns more closely with observed natural phenomena, unlike the
instantaneous response inherent to the generalized theory [37]. Furthermore, the
occurrence condition for thermal resonance phenomenon during the electron—
phonon interaction process in metals was investigated in [38], based on the
hyperbolic two-temperature model.

This paper focuses on exploring the governing equations within the
framework of quasi-static fractional thermoelasticity. We employed the space-time
fractional Fourier law with anomalous thermal conductivity to model heat
conduction processes. The initial value problem is formulated for an unbounded
elastic domain, and the Laplace-Fourier transform technique is applied to simplify
the governing field equations. Subsequently, we derive closed-form solutions for
temperature and displacement in terms of the Fox H-function. Finally, we delve
into numerical expansions for both temperature and displacement to gain further
insights into the behaviour of the system. In section 2, the initial value problem on
the unbounded elastic domain is formulated, the governing equations of the quasi-
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static theory of fractional thermoelasticity that employs the space-time fractional
Fourier law with anomalous thermal conductivity are presented, and the field
equations are simplified using the Laplace-Fourier transform technique. In section
3, we get closed-form solutions for displacement and temperature in terms of the
Fox H-function that are valid for both the short-time and long-time domains. In
section 4, we address the numerical expansions for displacement and temperature.
Finally, in section 5, we provide a summary of the paper's key findings.
1 Mathematical problem
2.1. Governing equations

Within this sub-section, we are going to study the small changes in the shape
and position of a thermoelastic solid caused by initial conditions related to both
temperature and mechanical forces. These changes are known as affine
infinitesimal deformations. We want to understand the equations that describe
how the solid moves, considering only the forces caused by the material itself and
ignoring any external forces like gravity or air resistance. These equations are based
on the principle of conservation of momentum [39], [40]
Now by introducing the stress-strain constitutive relation as the following:

Oij = Z,Lleij + /186ij _X065Lj ’ (21)

where A and pu are correspond to the standard Lamé constants, 8 = T — T,
specifically 6 is the temperature of the medium, T is the absolute temperature and
T, is the temperature of theroom, y, = (34 + 2u)ay, clarifying that a; is
the parameter that quantifies the linear dimensional change of a material in
response to temperature changing or known as the coefficient of linear thermal
expansion, o; ; are representing the components of Cauchy stress tensor, §;; is the
Kronecker delta function. Beside the previous,u; is the i-th component of
displacement vector u, e = e; = u;; = e1q + e, + e33 is known as the
cubical dilation and e; ; is representing the strain tensor for linear elasticity defined
that is define as:[41]

1
L ) y
e 2(ul]+u]l), (22)

where the designated name for equation (2.2) is strain-displacement relation.
Now, we are going introduce also the equation of motion after establishing a zero-
body force conditionas F; = 0 to get the following:

Oij,j = pul . (23)
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Consequently, equation (2.1) can be reformulated by using equation (2.2) as
follows:

o = u(uy; +wi) + Ay — %0065, (2.4)

and equation (2.4) can be rewritten by using equation (2.3) as follows:

pu i+ (A + i — xol; = pil; . (2.5)
Since the quasistatic assumption is allowed only when the rate of change of
temperature and stress is sufficiently slow then; forces and wave propagation can
be neglected. In cases of rapid change, the dynamic effects become so pronounced
that the quasistatic assumption is rendered invalid. Now, we are going to adapt the
assumption of quasi-static equilibrium, then equation (2.5) will take the form of:

pugj; + (A + wu;j; — xoT; = 0. (2.6)
Now we introduce the thermal energy balance equation is given by the following:
—qi.i+t0Q = PCET + xoTo €, (2.7)

in the absence of a heat source, we set @ = 0 and equation (2.7) can be rewritten
as:

—qii = pCeT + xoTo €, (2.8)

And in the vector representation as follows:
—V-q=pCgT + xoT, €. (29)

The classical Fourier law establishes a direct proportionality between the heat flux
and the temperature gradient and denoted mathematically as:

qi = KT, (210)

where Kk is the thermal conductivity of the material, but we are going to replace the
classical Fourier law (2.10) by the following rule: See [42], [43], [23]
RL7y1 or'T
— %4

qi = —Kqy oDt FITATa (2.11)
where 552){" is the left-sided Riemann-Liouville fractional derivative defined for a
generic function f(t), t = 0 see [44], [45] and 3% g(x;)/0|x;|% is the Riesz
fractional derivative defined for a generic function g (x;), x; € R.See [46]
In line with the suggestion proposed by Compte-Metzler for the anomalous
diffusion coefficient we can assume the following functional forms for k., ,
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represented by: [47]
Kay = Krl=epr?, (212)

where Kk is the classical thermal conductivity, T is a characteristic time constant and
£ is also a characteristic length constant. T and £, will be specified subsequently.
Equation (2.11) can be rewritten as the following:
ov-ir

_ V—2_1-aRLn1-a
==Kl T D _—.
i 0 07t 9|x; |71

(2.13)

Now the governing equation for energy balance in one dimension representation is
expressed as the following:
dq

. We can proceed by eliminating the heat flux term that appears

0%u

dxot
in the energy balance equation (2.14) and equation (2.13) by employing a suitable

technique as follow:

where é =

. , o T
pCeT + x0Ty € = it} 271-aRLp1 “W, (2.15)
where
a[ art o) = YT
dx |0(x)r1 x Al

2.2. Problem setting up.
Within this section, we are going to establish the mathematical framework
governing the system that is previously mentioned and described by equations
(2.6) and (2.15), defined across an unbounded spatial domain as —c0 < x < oo,
As a preliminary step we are presenting the initial conditions that govern the

problem as follows:
T(x,0) =Ty + 956(x),

6.(%,0) = 0. (2.16)

While the stress initial condition specified in equation (2.16) is conventionally
applied to the displacement itself, more examination reveals that equation (2.15)
necessitates the imposition of this condition on the displacement gradient instead,
we insert a comprehensive physical constraint that specifies the initially stress-free
equilibrium state of the medium. Such an initial condition is considered appropriate
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when the deformation process occurs at a sufficiently slow pace, allowing the
system to be considered in a quasi-static equilibrium state at each instant. Certainly,
the principle of momentum conservation dictates that oj; ; = 0, this expression
can be reduced to a one-dimensional form as follows

d0x (2.17)
O-xx(x’ t) = Uo(t)-

Within the infinite spatial regions, the stress tensor exhibits symmetric properties.
Moreover, it is convenient that the stress diminishes to negligible levels as the
spatial coordinates tend towards infinity. Consequently, the function representing
the stress component g, (t), can be reasonably approximated to zero in these
limiting conditions.

Consequently, we can adopt the initial condition where the displacement vector is
identically zero as g, (x, 0) = 0. Moreover, the component of the normal stress
tensor to any surface within the domain is found to be null at all points as the
following:

O (2, 1) = 0. (2.18)

Recalling the specific initial conditions outlined in equation (2.16), the complexity of
the problem can be reduced to a one-dimensional framework. This simplification
arises from the nature of the initial state, which allows a focused analysis along a
single spatial dimension. Meaning that all physical quantities involved in the
problem can be expressed as functions of the spatial variable x (one dimension
setting) and time t. Consequently, the governing equations represented by
equations (2.6) and (2.15) can be simplified to involve only derivatives with respect
to these two independent variables as the following:

0%u aT
A4+ 2U)— = yog—, (2.19)
( + ,L[) axz XO ax
c 6T+ . 0%u 3
PE T X070 Gxar 220)
V—=2_1-aRLny1-a a'T '
K"BO T ODt W

Considering the constitutive relation provided in equation (2.1) and the previously
established one-dimensional framework, the individual components of the Cauchy
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stress tensor can be explicitly determined by the following:

Jdu
Oxx = A+ 2.“) a — Xo (T - To), (2.22)

ou
Oyy = Ozz = Ag - XO(T - TO)’ (222)

The hydrostatic stress g which known as a fundamental quantity in continuum
mechanics, that is defined as the arithmetic mean of the normal components of
the stress tensor. Mathematically, as the following:

Oxx + Oyy + 05, 21 0u

oy = 3 =35~ 2T =To)|. (2.23)

By incorporating the previously established relationship in equation (2.18), the initial
conditions early presented in equation (2.16) can be reformulated. This
reformulation is gained by substituting the expressions from equation (2.18) and
the subsequent definition in equations (2.21) and (2.22) into the original initial
condition equations as the following:

T(x, 0) = TO + 1906(X),

ou(x,0) _ xod (224)

= o) ,
0x A+2u )
by performing integration on the second initial condition specified in equation

(2.24) across the designated spatial interval (—oo, 0]. Assuming a prescribed initial
displacement stateis givenasu(—o0, 0) = u_,, , we get the following:

T(x, 0) = TO + 1906(X),

9 L x>0, (2.25)
u(x,0) =u +)(00 1 =0
) —00 A+2,u 2: X = )"
0, x<0.

Now, we are going to introduce new dimensionless variables, we can reduce the
number of independent parameters, making the problem easier to analyse and
understand. This process considered valuable when we deal with equations that
involve multiple units or when we want to compare results across different systems
or scales.
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The following transformations involve combining existing variables with suitable
constants or physical quantities to create new dimensionless quantities as the

following:
X u U_o 4o t
X=—, U=—, U_p =— 1“00:_lt:T’
S Sy €11 11 cin
T pCeg
TS 2y (0ij,0u) = A+ 2 (o), 00), 1 = — (2.26)
1
A+2 A+2
T = “ 9 + To, Cf - p 'u,

Xo

therefore, the governing equations (2.19), (2.20) can be rewritten as the following:

2%u _ 06
ax2  ox’ (2.27)
and
06 0%u _ ove
Fri e S x|’ (2.28)
where
XOZTO

E=—.
pCe(A + 2p)

Additionally, the constitutive relations (2.18), (2.21), (2.22) and (2.23) can be also
rewritten as the following:

du

Oyyx = a -0 ,
o —g = Ou (229)

Yy TE 4 2udx

Additionally, we can get the following:

2

where
A

50=A+2u'
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and the initial condition (2.25) can be rewritten as the following:

Jdu(x, 0
6(x,0) = 0,6(x), % = 0,6(x),
11’ x>0, (231)
u(x,0) =U_, + 0, 5 x=0,
0, x<0
where

_ XoYoC1M
O A4+2u”

Furthermore, we have incorporated the relationship derived from equations (2.18),
(2.21),(2.22) and (2.26) du/dx = 0O into our analysis. This relationship has proven
instrumental in the derivation of the hydrostatic stress expression presented in
equation (2.30).

2.3. Solution in the transformed domain.

In this sub-section, we will derive an analytical solution for the temperature field
within the Laplace-Fourier domain. Subsequently, we will investigate the crucial
guestion of whether the non-negative nature of the temperature distribution is
maintained even when thermomechanical coupling effects are taken into
consideration. Now we are going to apply Laplace transform on equations (2.27)
and (2.28) as the following:

0’ 00
ax2  ox '
~ ot
56 — 0y6(x) + e o= €0y6(x) (2.32)
aY0
— pY 2 1-a l-a
ty T % IR

Conseqguently, we apply Fourier transform on the previous set of equations (2.32)
as the following:

—q%ll = iq 4,
s 0(q,s) — 0, + iqesti(q,s) — €0, (2.33)
= — ¢} *rlmasi=a|q|vg(q,s),
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by employing the first part into the second part of (2.33), as 6 = iqll we get the
following:

@) (1+¢)0,

T (1 +e)s + £ -agi-a|q|y”

Dy

(2.34)

As a reminder, the tilde symbol (7) represents the Laplace transform, which is a
mathematical operation that transforms a function of time into a function of a
complex variable denoted by s. The hat symbol (") represents the Fourier
transform, which is another mathematical operation that transforms a function of
time into a function of a frequency parameter denoted by g.

One of the important questions about the temperature resulting from the
thermomechanical coupling (2.34) concerns its nonnegativity and the conservation
of thermal energy. We consider the special case y = 2, and invert the Fourier
transform in (2.34), we obtain the following:

(1+¢)0,

Tl—asl—a

1+ ¢e)s ’
Tlagi-a + |q|?

0(q,s) =

1+ ¢&)06,
Tagi-a

0(x,s) =F 1

r-agi-a T 14 (2.35)

OVl +e — s
2/ (s) P b 81’1.00(5) ol

where
Po(s) =717 %s177

Considering equation (2.35), we observe that the solution obtained in the Laplace
domain exhibits a similar form to that encountered in the context of anomalous
thermal diffusion whenever we set ¢ = 0. Additionally, the inclusion of the factor
V1 + € both within and outside the exponential function does not alter the
fundamental characteristic of temperature as a completely monotone function
being a product of two completely monotone functions as the following:

006,5) = 5.0: (DG, D)
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where

A

,g2(A) =exp| —V1+e m ,

9:1() =

1
VAP (D)

clearly,

g1 (D) = € SF € CMF,

1
VAo (2)

A
and since e*1* € CMF then; g,(1) = e_m\/% € CMF. Therefore,
g1(D) g, (1) € CMF which leads to O(x,s) € CMF when the Laplace
parameter is defined on the positive real axis.
Therefore, the property of temperature 0(x,t) being always positive (non-
negative) for R X R, U {0} is maintained even when considering quasi-static
thermoelasticity that employs the modified bi-fractional Fourier constitutive law
that defined by equation (2.13).
It is important to note that when analysing the dynamic theory, which takes into
consideration the force caused by inertia pii, the non-negativity of temperature
must be carefully considered. To determine the temperature distribution, we can
integrate both sides of equation (2.35) over the appropriate range and then apply
the inverse Laplace transform as the following:

@ OopV1l+e [©° —Vite|—— 0
f 0(x,s)dx = O—f e VB gy = 20
—o0 2+/sPo(s) /- S
finally, we get
j 0(x,t)dx = 0,H (1), (2.36)

where the Heaviside unit step function denoted by H (t), is a mathematical
function that abruptly changes from 0 to 1 at a specific time, typically ¢ = 0. Itis
widely used to model sudden changes in quantities, like the initial temperature
distribution in a system. [48]

The initial temperature condition in thermoelasticity can be represented by the
Heaviside function. The Heaviside function can be used to express this discontinuity
if the temperature is originally zero everywhere except at the interfacial boundary,
where it equals 0.

By calculating the total thermal energy using equation (2.36) and comparing it to
this initial temperature distribution, we can assess whether thermal energy is
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conserved within the system. If the total thermal energy remains constant over
time, it indicates that thermal energy is indeed conserved.

A simplified model known as the quasi-static theory of thermoelasticity assumes
that the body's deformation is sufficiently gradual to be regarded as equilibrium at
every instant in time. This simplification allows for easier analysis of the system's
behaviour. The modified bi-fractional Fourier constitutive law extends the classical
Fourier law of heat conduction by incorporating non-integer order derivatives in
the heat flux equation. This generalization enables modelling materials with
anomalous diffusion properties. A more realistic depiction of the material's thermal
behaviour can be achieved by integrating this modified law into the quasi-static
theory of thermoelasticity. In summary, by comparing the calculated total thermal
energy to the initial temperature distribution, we can determine that thermal
energy is conserved in the system when the quasi-static theory of thermoelasticity
is employed in conjunction with the modified bi-fractional Fourier constitutive law
(2.13). This approach provides a more comprehensive and accurate understanding
of the material's thermal properties.

2.  Closed-form solutions

within this section of our discussion, we are going to develop specific
mathematical equations to calculate the temperature, hydrostatic stress, and
displacement within the material. These equations will be based on a particular
model of heat diffusion, known as the bi-fractional diffusion equation. This model is
simplified by neglecting the effects related to the space fractality of the heat
namely, ¥ = 2. To ensure a more comprehensive solution, we are going to
introduce an equation that allows us to calculate the temperature. To begin this
process, we are going to take equation (2.34) and rewrite it in a different but
equivalent format.

= @()Sa_1
6(q,s) =

e iria|gr (3.1)
(1+¢)

to convert the function from the (s-domain) Laplace domain, back to the time
domain (t-domain) we use the inverse Laplace transform as the following: [49]

s% +

L1 s =E @), >0 32
sag ¢~ Bal=ct®), C>0. (32)
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Therefore,
- BQps*1
6(q,t) =L =
14 1—a| |y
sapro T 191 (33)
\ T+e )
O i 1 g
T 0T (1+¢) '

where the symbol E,, (-) denotes the Mittag-Leffler function with one parameter
a, as defined in reference [50] . By applying the inverse Fourier transform to
equation (3.3), referencing the relationships (A.10) and (A.20) in [19], we can derive
a closed-form expression for temperature, as follows:

- YA y|r 0,1
3.0 = oot | el O

' (1+¢) (0,1), (0, )
Upon applying the inverse Fourier transformation to equation (3.4), we arrive at the
following outcome:

(34)

1

00 t) = 0, ( 1+¢ >?><

Var fg_zrl‘“t“
1 ! 1):(1 ¢
Hm{(1+@uv (‘;')( ‘;“)] (3:5)

2,3 -2 .
) (1--,1);(=,%
l (012)1 y; ) 212

The symbol Hy'y"[] represents the Fox H-function, a mathematical function
defined in terms of the Mellin-Barnes integral, as outlined in reference [51].

When examining the solution represented by equation (3.5), we notice that the
closed-form expression of this solution can be modified or transformed. This
implies that the mathematical formula describing this solution can be altered
through various mathematical operations or techniques. A notable feature of the
closed-form solution presented in equation (3.5) is the inclusion of the
thermomechanical coupling parameter € # 0, this parameter takes into account
the impact of mechanical effects on the development of temperature. In the
situation where these mechanical effects are minimal, meaning that ¢ is negligible,
equation (3.5) can be simplified to the following form:
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1

0(x,t) = ®°< _ . )?x

Vam \¢ *ri-ata

0
x H21 |x]¥ (1 - )l/, 1) ; (1 — %’ 0() (3.6)

T (08, (1-21): (5.8
’2 ) ]/’ ) 2'2

On the other hand, it is important to note that the hydrostatic stress denoted by
oy, is directly proportional to the temperature solution. The displacement
represented by the symbol u(x, t), can be calculated from the normal stress
component a,., (x, t). By utilizing the dimensionless transformations defined in
equation (2.26) and applying them to equations (2.18), (2.21), and (2.22), we can

. . . . d
derive a relationship between the gradient of the displacement %, and the

temperature 6. This relationship is given by the following:
ou(x,t)

Fr 6(x,t). (37)

By integrating both sides of (3.7) on the interval (— o0, x), so we get the following:
X

u(x,t) = u(—oo,t) +f (&, t)dé. (3.8)

Before evaluating the integral shown in equation (3.8), it is crucial to establish a
specific boundary condition for the displacement at x — —oo. Considering the
symmetrical nature of the temperature distribution (an even function), we can
deduce that:

0 o)
f (& t)dé =f (&, t)dé = M{6(x, t),x}(1,¢), (3.9)
o) 0

The relation M{f (t)}(z) = [ . ~1£(t) dt represents the Mellin transform

of the function f (t), wheret > 0 and the Mellin transform of the Fox H-function
is given as the following:

o)

* A
j xZ—lH;n‘,In [ax (ap’ P)] d.x
0 ’ (bq,Bq)
_ L, (e + B[ (1 - o + 4;2)] 3.10)
[qu=m+1r(1 - bj - sz)] [n]p=n+11—'(aj - Ajz)
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therefore, after using the relation mentioned in p.12 in [51] and noticing that
z =1 in (3.10) the integral expression presented in equation (3.9) can be
transformed or simplified into the following form:

0 [e’e] @0
f 0(¢,6) dé = f 8(¢,0) dE = 23 (D). 3.11)
—00 0 y

When calculating the integral represented by equation (3.11), it is crucial to keep in
mind that this integral appears to be inconsistent with the principle of conservation
of thermal energy, particularly when the thermomechanical coupling parameter
y = 2 that is not equal to zero. This inconsistency becomes evident when
comparing equation (3.11) with equation (3.9), which expresses the conservation
of thermal energy. To address this issue, equation (2.37) can be extended to
encompass a broader range of scenarios as follows:

o0 20,
f 05,6)dg = =2H (D). (3.12)

By revisiting equation (3.8), we can express the given information in the following
system of equations:

20,
u(oo,t) = u(—oo,t) + — H (t),
q (3.13)
u(0,t) = u(—oo,t) + 7"}[@),

The equations presented in the preceding statement demonstrate that the
boundary condition for displacement, denoted by 1 (oo, t) and the interfacial
boundary condition u(0, t), which characterizes the interaction between the
material and its surroundings, are dependent on the specific selection of the
displacement field x — —oo. Moreover, by analysing the derived initial conditions
u(x, 0), as outlined in equation (2.31), we conclude that there exists an infinite
number of feasible choices for the boundary condition u(—oo, t). This plethora of
possibilities compels us to select one particular boundary condition as:

u(—oo,t) = U_H (1), (3.14)
which agrees with the derived initial condition in (2.31), u(—0,0) = U_.
Conseguently, we have from (3.13) and (3.14) that

20,
u(oo,t) = (U_Oo + —) (D),
g (3.15)
u(0,t) = (U_oo + —0) H (D).
y
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As we encountered a similar issue of thermal energy conservation in the context of
the space fractality equation (3.12), we observe an inconsistency when comparing
the derived initial conditions 1 (x, 0), obtained using the specified initial condition
on temperature 0(x,0) = 0,H (t), with the derived boundary conditions
onu(oo,t) and u(0,t), obtained using the temperature solution (3.5). This
discrepancy stems from the differing calculation methods employed. However, it is
important to note that this inconsistency disappears as the space fractality
parameter y approaches 2, indicating the absence of space fractality.

By incorporating the imposed boundary condition from equation (3.14) and the
integral expression from equation (3.11), we can recast the displacement equation
(3.8) into the following equivalent form:

@ X
u(x, t) = (U_oo + 7")}[@) + f 0(5,6)dé, x €R. (3.16)
0
Now by using the Euler transform of the Fox H-function see p.12 and p. 59in [51].

t a,, A
f xPHt —x) T Hy " lbxk p4p) dx
0 (b, By)
1-p,k),(a, A
= tPYOI (o) Hy e, bR (= p. k), (ap: 4y) ,
’ (bq,Bq), 1—-p—o0,k)

in our situation we are goingtouse p = 1,0 = 1 and k = 1 into the previous
equation of Euler transform, then the integral in equation (3.16) can be calculated

on the following closed-form:
1

0y 0y 1+¢ Y
u(x,t =<U_Oo+—)fl-(t+ sign(X)|x| | =——

2'2|[<L>;|x| (0,1),(1—%,1);(1—%,04)1' 317)
©

X H3'y 2 )
(2] Tl (1-10):(3.8). 1 |

3. Discussion

In this section, we will examine the closed-form expression that we derived
in the previous section. These expressions represent the temperature, stresses and
displacement within the material. To better understand these expression, we will
utilize the series expansion of the Fox H-function, which can be found on page 218
of the reference [51]. By applying the series expansion of the Fox H-function to the
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temperature solution represented by equation (3.5), we obtain the following
expression

1
0, 1+ Y\
0(x,t) = 0,(x, ) + 0,(x, 1)}, (4.1)
(x,0) wggywww>{‘ )+ 6, (x, 1)
to obtain 6, (x,t), we are going to use by, = b; =0, B, = B, =g and
b1+V

= 271; then we get the following:

Hl(xl t) 1 5 1 2

w 2v _2_AN\r(2i 2

_2 (—1)V< 1+ &)lx|¥ >VF(1 % y)r(y+y) (4.2)
_2 _ )

v vio\2rggTtrioaee r(%+v)r(1—%——2;“’)

v=0
Similarly, for 0, (x, t) weuse b, = b, =1 — %, B, =B, =1and

By

=1—-=+4v
B, 14
then we get the following:
92 (x, t)
o A, r(i-Xa+w)ra+y
_ Z (—1) ( (1+8)lx|” )1 vvoo\2 2 (43)
V=0 vl Zy{)g_zfl_at‘x r (% 1+ v)) F(l —a(l+ v))

Finally, by once again applying the series expansion to the closed-form expression
of displacement (3.17), we arrive at the following result

u(x,t)
0
- (U_m + —)}[(t)
14 (4.4)
1+¢
#g_zrl‘“t“

1
= )Qmm0+wuﬁx

to get u, (x, t) we are going to use the substitution into the series expansion as

Q) .
+ sign(x)|x|

b,=b; =0, B, =B; = V;and bljv = )Z/—Z,then we get the following:
et 2 1 20\ .1, 2v
P ML )?F(l G Y) ay
St )\ o) p(Lh)r(i-g-2)

331



On the quasi-static theory of space-time fractional thermoelasticity Noha Samir Mohamed A.Abdou & Emad Awad

and similarly, to get u, (x, t) we are going to use into the series expansion as

1
bz +v 1-"+v

b, = b, =1—l, B,=B,=y and =— =—Y— , then we get the
14 By 14
following:
uy(x, t)
1 vy
o 1 L4
R < (1 + o)l ) " F<2 20 ”)) My g

£ (1+)! 2v ¢l 2ri-aga - (17/ 1+ v)) M1 —a(l+v))

For our numerical calculations, we have selected copper as our material and then,
we are going to use the specific values of its physical properties as measured at
room temperature 300°K. These values will be used in our mathematical models
to simulate the behaviour of the copper under different conditions.
£ =10.0168, &, =0.5013, ¢;n =3.695 %X 10’m™1,
cZn = 1.536 x 10 'sec™.
Since £, = 1/cyn and T = 1/c?1, respectively, the dimensional characteristic
constants?y and T are selected so that the dimensionless constants in all closed-
form expressions and their series expansion equal unit. Furthermore, we assign
the dimensionless constants U_, and 0, to equal one, specifically:
to=1 =1 05=1, U_,= 1. (4.8)
Unless we explicitly state otherwise, we will use the following specific values for the
material properties in our calculations. These values represent the standard or
default parameters that we will assume for the material unless we provide
different data.

a =0.30001, y = 1.799. (4.9)
Equations (4.1)H4.3) are the mathematical formulae that we directly applied in a
numerical technique to determine the temperature, displacement, and
hydrostatic stress. We approximated the infinite series involved in these formulas
by adding up the seventy-first terms, meaning that the summations are carried out
across the range of 0 to 70. Using its series representation (4.1)-(4.3), we graphically
depict the temperature distribution in Fig. 1 or the solution provided by equations
(3.5). Equation (2.30) in this case shows a linear relationship between the
temperature and the hydrostatic stress. We examine how the space fractality y
and the thermoelastic coupling € affect the hydrostatic stress in Fig. 2. We choose
two different values for the thermoelastic coupling € = 0.0168 and ¢ = 0.5
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¥2To

pCe(A+2p)
temperature T, besides the material parameters. Fig. 2, suggests that an increase
in hydrostatic stress close to the interfacial boundary surface is effectively caused
by an increase in the thermoelastic coupling. Furthermore, two distinct space
fractional parameters y = 1.6999 = 1.7 and y = 2.0001 = 2. are used to
represent the hydrostatic stress. Avoiding gamma function singularities in the
denominators of the expansions (4.1)-(4.3) and (4.4)-(4.6) is the primary reason for
using such fractional parameter values (4.9). In view of Fig.2, it is evident that the
use of two different space fractional parameters results in an apparent numerical
effect on the hydrostatic stress curve. The use of two different space fractional
values results in a discerible numerical artifact in the hydrostatic stress curve, as
seen in Fig. 2(b). The differences shown in the regions beneath each curve show
the main influence of the space fractional parameter on the temperature and
hydrostatic stress profiles. In particular, the following is a mathematical expression
for the area beneath the hydrostatic stress curve: [52]

based on its definition & = where it depends on the room

[ee] 2 o0
006, — 1] 0.6649 (4.10)
. Ty — :
3y (2) Y
t>0.

The area beneath the hydrostatic stress curve is influenced by the selection of the
space fractional parameter y. Specifically, this area varies with the value of the

space fractional parameter as | fjooo oy(&,t) dé | = 0.39114 where

y = 1.6999 and |f_°°oo oy (&,t) d€| = 0.3325 corresponds to the absence

of space fractality. In Fig.3, we examine how the thermal conductivity's temporal
crossover affects the material's thermally induced displacement. As it coincides
well with the displacement caused by a fixed thermal conduction in the short-time
domain and behaves similarly to the displacement caused by a different fixed
thermal conduction in the long-time domain, it is evident that the displacement
exhibits similar crossover behaviour. In the long-time domain, it seems as though
the displacement reaches deeper regions within the material. Additionally, we
examine the impact of a time-dependent crossover in thermal conductivity on the
material's thermally induced displacement in Fig. 4. We also investigate how space
fractality and thermoelastic coupling affect the displacement at a particular
moment in time.

333



On the quasi-static theory of space-time fractional thermoelasticity Noha Samir Mohamed A.Abdou & Emad Awad

- ey =L17999 a=07001

—y = 19999 a = 09999

Figure 1: Analysis demonstrates the influence of spatial fractality y and the
parameter & on temperature distribution. The first series shows the temperature
solutionwitha = 0.70001 andy = 1.7999 and the second one shows the
temperature solution witha = 0.999999 andy = 1.9999 ie.a
approaches 1 and spatial fractality approaches 2, noticing that the temperature
solution converges towards a normal distribution.

334



Faculty of Education Journal- Alexandria University Volume 34 (Issue 4 —Part 3) 2024

Figure 2: Effect of the thermoelastic coupling € and the space-fractality y on the
hydrostatic stress at the instant t = 1. In (a) Hydrostatic stress at two values of &
andy = 1.799; (b) Hydrostatic stress at two values of y and ¢ = 0.0168.

Displacement at differont time

[«=t=0a1
| — -]
| w—t =10
i t=20
i—r-m
et =t'B0)
| =—t=100

1l Xxe®

Figure 3: Spatial evolution of displacement at different values of time. The fractional
parametersare chosenasa = 0.70001 andy = 1.799. In the first series

t = 0.1,thesecondt = 1,thethirdt = 10, thefourtht = 20, the fifth

t = 40, thesixtht = 80 andfinallyt = 100.
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P =

u(x,t)

Figure 4: Effect of the thermoelastic coupling £ and the space-fractality y on the
displacement at the instantt = 1. In (a) Displacement at two values of €, and
y = 1.799; (b) Displacement at two values of y,and € = 0.0168.
4. Summary

This paper has examined a space-time fractional Fourier law with a
Riemann-Liouville-type time fractional derivative and a single-space fractional
derivative of the Riesz type. We have solved an initial value problem with initial
conditions on the temperature and the stress a,.,.. However, we have noticed that
a boundary condition at infinity is mandatory to solve the problem; therefore, the
initial value problem is transformed into an initial boundary value problem. The
Laplace and Fourier transforms are used to solve the problem, and we have
obtained exact solutions in terms of the Fox functions. The effect of anomalous
thermal conductivity on the deformation has been studied.

Appendix A. Fractional calculus

This appendix includes a concise summary of the Riemann-Liouville (RL) and
Caputo (C) fractional derivatives and integrals and Riesz fractional derivative. For a
more in-depth exploration of fractional derivatives, including additional properties,
proofs, and other types, readers are encouraged to consult the references [53] and
(54].
The left-sided Riemann-Liouville fractional derivative of order @ of a well-behaved
function f (t) ontheinterval [a, b] is defined as follows:
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RDZf ()
1 f
!F(n—a)dt”f G-peia & nol<a<m, (A1)
L 7 (© a=n neN
den - '

And the left sided Riemann-Liouville fractional integral of order a for a function
f(t) defined asfollows:

1t f@ p >0
RIS () ={T@ J, t—ora “« (A2)
f(t); a=0.
The left-sided Caputo fractional derivative acts on functions f(t) on the interval
[a, b] and involves a fractional order of differentiation, a€(0,1] is defined as
follows:

RLI1=a 5, f (1), 0<a<l,
a+D cf(O) = df(t) a=1 (A3)
dt ' o

The two fractional derivatives are interconnected through a specific relationship as

follows:
0+
DEFO) = MDEFO) — iy s

The Laplace transform for the Riemann—Liouville fractional derivative of a function
f(t) isintroduced as:

te, 0O<a<1l (A4

k-1

L{RLD f(t) S} —Saf(S) E[RLpé RLIk a]f(0+)sk 1- L’ (A_5)

-1 < a <k
The Laplace transform for Caputo fractional derivative isintroduced as:

LIEDEF(0); 5} = s (5) - Z kEifOOY),  (As)

where k — 1 < a < k,a,s € C,Re(s} > O Re{a} >0 and fO0)is
defined as tllrork FO@).
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The Riesz fractional derivative operator for the finite interval [0, L] and fractional
order ae(n — 1, n], is defined as following:

0%f (x,t) 1
— e = s L6DE + BDEIf (1),
alx|® 2cos(ﬂ) oDy + DL (A7)
2
a* 1,

where RLDE is the left-sided Riemann-Liouille fractional derivative, and D& is
the right-sided Riemann-Liouville fractional derivative.
Appendix B. Special type functions
The probability density function (PDF) satisfies the following two conditions: [55]
1. Non-negativity condition namely, the function must never produce
negative values, and can be represented mathematically as:

f(x)=0, (B.1)

forall x.
2.  Normalization which means that the total area under the curve of the
function must equal 1, which guarantees that the probabilities sum is

equalto 1.
which can be represented mathematically as:
[ reax =1 62

The completely monotone function is the function f(t), that takes positive
numbers, and its output is either zero or positive. Additionally, the set of
completely monotone functions is denoted by CMF. Moreover, a CMF is a
smooth, positive-valued function such that increasing the order of differentiation
never changes the sign of the output.
The CMF has the following properties:
1. Ifafunction (¢p) belongs to CMF and there exists another non-negative
function (f') such that ¢ (1) can be obtained through a specific
mathematical operation involving f (t) and the Laplace transform as:

f e M f(t)dt, 2> 0. (B.3)
0

2. Multiplying two complete monotone functions will always returm a
complete monotone function. Furthermore, if we take a linear
combination for two complete monotone functions by multiplying each
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function into positive constants will also return a complete monotone
function.
The set of Stieltjes functions denoted by SF and a function (¢) is said to be a
Stieltjes function if it can be generated from another function (f) that is a CMF,
this construction involves an integral as

f ooe"“ f(odt, 2> 0. (B4)
0

And since f(t) is always non-negative (f(t) = 0), the resulting SF (¢) will
also have a non-negative output for all positive input values. Which makes all
Stieltjes functions automatically a subset of Complete monotone function (SF <
CMF).

The SF has the following properties:

1. Ifwetake a linear combination for two Stieltjes functions by
multiplying each function into positive constants will also return a
Stieltjes functions.

2. Multiplying two Stieltjes functions doesn't potently guarantee that the
resulting function will be a Stieltjes function. But there is a certain
condition that allows you to get a SF from multiplication as if we have
two SF ¢ (1) and (1), then ¢ (1) %1 (1)# € SF, given that
a,Be(01)and a + B < 1.

A Bernstein function f satisfies the condition (—1)™~1f ™ (t) > 0 wherenisa
natural number, and the set of Bernstein functions is denoted by BF.
The BF has the following properties:

1. Afunction ¢ (A1) qualifies as a Bernstein function if and only if, taking
its derivative once with respect to A always results in a completely
monotone function.

2. If we take two Bernstein function say ¢ (1) and (1) and add them
togetheras a ¢p(1) + b Y (1), where a and b are any positive
numbers, the resulting function will also be a Bernstein function.

3. Ifwetake two Bernstein functions ¢p (1) and (1) and compose
them togetheras (¢ ° 1), the resulting function will also be a
Bernstein function.

4.  If we have a completely monotone function ¢p and a Bernstein
function, then composingthem (¢ ° 1) will always resultina
function that is completely monotone function.
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5.

If we have a Bemstein function ¢ (1), dividing itby A always give us a
completely monotone function.

A Bernstein function is said to be a complete Bernstein function if and only if,
dividing it by A leads to a Stieltjes function. Asif i) (1) be a BF, theny (1) /A isaSF.
Noting that the set of complete Bernstein function that is denoted by CBF, is a
subset of the set of Bernstein function BF but the opposite is not guaranteed to be

true.

The CBF has the following properties:

1.

Afunction is said to be a complete Bernstein function if and only if,
taking its reciprocal results as a Stieltjes function. There is one
necessary condition: neither the original function nor its reciprocal
are identically vanishing functions.

If we take two complete Bernstein functions say ¢p (1) and Y (1)
and add them togetheras a ¢ (1) + b (4), wherea and b are
any positive numbers, the resulting function will also be a complete
Bernstein function.

If we take two complete Bernstein functions say ¢ and 1, then
composingthem (¢ ° 1) will always result in a function that is
complete Bernstein function.

If we have a complete Bernstein function ¢p (1), then taking its
reciprocal 1/ ¢ (1) will also result as a complete Bernstein

function. This property applies on the condition that the original
function ¢ (1) is not identically equal to zero.

If we take a complete Bernstein function ¢p (1) and compose it with
a Stieltjes function P (1) or the other way around (1) -

¢ (1), The outcome of this combination is also a Stieltjes function.
1

Py € SFwhere

If ¢ (1) is a complete Bernstein function then,

a and b are positive numbers.

The multiplying of two complete Bernstein functions ¢ and y is not
guaranteed to produce another complete Bernstein function but if
we take two complete Bernstein functions ¢ and 1 and apply a
small exponent to each function between 0 and 1 say a and b, then
multiplying them together as [¢p (1)]% [(1)]? so, the resulting
product remains complete Bernstein function. However, there is a
certain condition: the sum of those exponents (a + b) must be less

than or equal to 1. [56], [19]
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Appendix C. Mittag-Leffler functions
The classical Mittag-Leffler function of one parameter defined as: [50]

Z‘I’l

E = E —_— 1

a(Z) r(an+1) ) ZE(C ﬁ:Re{a} > 0! (C )

n=0
the Mittag-Leffler function of two parameters defined as:
(0e] Zn
Ea“g(Z) = m , z€C ,Re{a}, Re{ﬁ} > 0. (CZ)
n=0

Clarifying,

Eq1(2) = Eq(2).
Additionally, in order to get Laplace transform for Mittag-Leffler we can use the
following formulae:

a-—1
L{E,(At?); s} = — €3)
-1 Sa_B
L{tPE, p(Ax*%); s} = pra— (C4)
and
g1 s«f
- ay. —
L{tP71E, p(—At LS}_'5“4-A’ (C5)
where,

Re(B) > 0,Re(a) > 0,[As7%| < 1.
The Mellin transforms of the Mittag Leffler functions £, (1) and E, 3 () defined
as follows:
r'l—2)r(z)

MA{Eq(—71); 2z} = I'(1—az)

,0< Re(z) < 1. (Co)

And
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raa-2zr(z)
M{Eqyp(—1);2} = Tzaz)z’

0<Re(z) <1 (C7)

Appendix D. The Fox H-function
The H-function is expressed mathematically by relying on a Mellin-Barnes type
integral, as the following: [51]

(ap' p)

pa () =H [ (by1By)

_ [z (a, A), ...,(ap,Ap)l 0.1)
(by, By), ..., (bp, By)

= %L@(s)z‘sds,
clarifying thati = v/—1, z does not equal to zero, z =5 = e ~stinlzl+iargz} 5pg
{2, 1 (b; + Bjs)} {1 (1 — a; — A;s)}
B(s) =
{nq m+11—'(1 - j - Bjs)} { n+1r(a] 1 4, S)}

(D2)

m,n,p, and q are integers satisfying 0 <n <p, 1 <m<gq, a;,b; €C,
A,Bi€R,, i=1--,p, j=1,,q such that A;(bj+k)+
Bj(aj -1 - 1), k,leN;i=1,..,n;j=1,..,m. The contour L, starts
from y — ico and ends at y + ico and separates the simple poles of I’ (bj +
Bjs),j =1,...,mfromthoseof '(1 —a; — A;s),i =1, ...,n

The H-function, employed in this study, possesses the following characteristics:
l (ap, p)l u ap'“Ap)

(bq'Bq) (bqu“Bq)
The Euler transform of the Fox H-function is defined as:

ftxp‘l(t x)° 1Hm”[bx p'Ap)
0 (0.5

(1= p.k), (ap, 4p)
(bg,By), (1 —p—0,k)[

Hmn

0.4 ,u> 0. (D.3)

(D4)

= tP*o T (o) H) lbtk
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wherep,o,b € C,andk > 0.
The Mellin transform of the H-function is defined as:

fo°° - IHmn[ (ap, ,,)]

(bq, By)
. mzr(y +Bz)][H" T(1-a;—4;2)] (D.5)
[”q mial(1=b; =By Z)] 1 n+1r(aj +4;7)]

where 4,5 € C; min .’Re( ) < Re(z) < max (%.(a")), larg A| <
]

1<jsm 1<jsn
E o, a > 0.
The inversion of Fourier transformation for H-function H. 1121 [b |k| 5] is given by the
following relation: [19]

# gl i [blal? |(0(1)n(tl3)y)] }
L w5 ) ia- s =S 08)
T e (o,g),<1+n_%1.1);<;.§>

where q is the Fourier variable, b, y,§ € R,, f,n € Cand 1 € R, U.
The H-function encompasses the derivative of the Mittag-Leffler function as a
particular instance.

(k) 11 (=k 1)
p(2) = Hiz | = (- (ak + ), ) (D7)
or alternatively;
_ 11 -7, 1)
Eqp(=2) = —H [ |(0 1,01 -8a)l (D8)
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